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SUMMARY
In this work, the consequences of using several different discrete element granular assemblies for the rep-
resentation of the microscale structure, in the framework of multiscale modeling, have been investigated.
The adopted modeling approach couples, through computational homogenization, a macroscale continuum
with microscale discrete simulations. Several granular assemblies were used depending on the location in
the macroscale finite element mesh. The different assemblies were prepared independently as being repre-
sentative of the same material, but their geometrical differences imply slight differences in their response to
mechanical loading. The role played by the micro-assemblies, with weaker macroscopic mechanical prop-
erties, on the initiation of strain localization in biaxial compression tests is demonstrated and illustrated by
numerical modeling of different macroscale configurations. Copyright © 2016 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Multiscale modeling of granular materials has received an increasing attention in the recent years
[1–6] as these approaches allow to naturally embed a refined description of the complexity of the
material into a full structural engineering problem. Moreover, these techniques allow to efficiently
overcome the common drawbacks of conventional modeling strategies [7, 8]. In this regard, finite
elements-based approaches allow to treat large-scale problems; however, the application of the
method to complex materials (such as geomaterials) may be unsatisfactory because of the difficulties
arising in the definition of an adequate mechanical constitutive law. On the other hand, the discrete
element method (DEM) [9–11] is usually considered particularly effective to capture the nature of
geomaterials and properly describe their constitutive behavior. However, the need for a large num-
ber of particles to simulate a full-engineering problem imposes some restrictions to the application
of this method [12].
Recently, the two methods have been coupled in the framework of a multiscale numerical homog-
enization approach to exploit the efficiency of FEM at solving boundary value problems at structural
level and the capability of DEM to capture complex material behaviors. Such an approach is usually
known as FEM  DEM method. Several multiscale modeling schemes have been proposed. Kaneko
et al. [1, 13] employed the mathematical homogenization theory for the construction of a multiscale
modeling approach. Miehe et al. [3, 14] proposed an original scheme for quasi-static homog-
enization of granular microstructures and its embedding into a two-scale modeling framework.
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Meier et al. [2, 15] built an FEM  DEM scheme employing the continuum-based Taylor assump-
tion at the microscale level. In these methods, the DEM is used to derive an equivalent mechanical
law for the microstructure behavior. Andrade et al. [5] and Avial et al. [16] developed a discrete-
continuum approach based on a numerical homogenization scheme in which friction and dilatation
at the microstructure are transferred to the elasto-plasticity continuum at the macroscale level.
Nitka et al. [4, 17], Nguyen et al. [18, 19], Guo and Zhao [6, 20], and Desrues et al. [21] applied
the concept of the representative elementary volume (REV) to build a fully coupled multiscale
FEM  DEM approach based on computational homogenization. The stress state at the macroscale
level is obtained, for each Gauss point, from the associated DEM granular assembly (REV).
The efficiency of the method has been explored through several study cases, basically consist-
ing of monotonic compression biaxial test [1, 3, 5, 16, 19, 20, 22], cyclic simple shear test [20],
hollow tube test [21], and slope stability test [15], in addition to the retaining wall problem and
the classical footing problem [23]. These numerical experiments were run using both cohesive and
disperse materials and considering only a single DEM granular assembly to represent the material
microstructure constitutive behavior over the whole specimen. However, computerized tomography
scans (e.g., Figure 1) reveal a strong randomness in the distribution of the particles over a sample
volume, thus questioning the assumption of a single REV. According to experimental observation,
the use of a single microstructure volume periodically distributed over the entire specimen may lead
to the loss of some distinct features of the considered geomaterial.
The scope of the paper is to move towards a more realistic representation of geomaterials by
considering, in the framework of a FEM  DEM approach, different REVs at the microstructural
level. The used REVs are representative of the same material, (i.e., the same material properties with
random realization of the same grain size distribution), but they differ with respect to their geometry
(i.e., the positioning of the particles is different), as suggested by the experimental evidence.
The paper is structured as follows. Section 2 briefly summarizes the adopted multiscale
FEM  DEM modeling approach. Section 3 presents the preparation algorithm of the granular
assemblies and provides identification and selection criteria of the granular assemblies. Section 4
describes the FEM  DEM modeling details and the biaxial test procedures. Section 5 shows pure
DEM and homogeneous FEM  DEM simulations. Section 6 proceeds towards the focal issue in this
work to carry out a set of inhomogeneous FEM  DEM simulations. Section 7 uses the DEM REV
of the weak mechanical properties to introduce material imperfection into homogeneous simulation.
The work is then concluded, and some perspectives are presented.
Figure 1. A computed tomography scan of dry sand laboratory sample [24]. Although it was prepared using
the same material, this homogeneous sample implies strong fluctuations in microstructures geometry.
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2. MULTISCALE FEM  DEM MODELING APPROACH
In this work, the multiscale FEM  DEM modeling approach proposed by Nitka et al. [4] and then
improved in Nguyen et al. [18, 19] and Desrues et al. [21] has been adopted as a general frame-
work. In this method, a quasi-static finite strain macroscopic continuum is coupled with discrete
microstructures defining the constitutive behavior of the material. The macrostructure boundary
value problem is described by means of FEM, whereas the local constitutive relation at the Gauss
point level is determined by a DEM granular assembly that is considered as an REV. The local
REV is representative of the material behavior, and each REV has its own stress–strain evolution
(like a standard Gauss point in FEM). In the sequel, the modeling approach is restricted to the 2D
simulation at both macroscopic and microscopic levels.
The constitutive law at the macrostructural level gives the stress state ij .t/ as a function of the
displacement gradient history hkl :
ij .t/ D  t¹hkl./;  2 .0; t/º (1)
The DEM–FEM coupling is obtained through a computational homogenization method follow-
ing the typical step shown in Figure 2. As in standard finite elements, the displacement gradient
increment ıhkl is applied at the Gauss point level to obtain the corresponding stress state. In the
FEM  DEM scheme, the displacement gradient increment acts as an updated boundary condition
on the discrete element REV at the Gauss point level. The subsequent discrete element numerical
simulation acts as a material constitutive relation by returning the new stress state at the FE-macro









i ˝ lp=qj (2)
where S is the area of the assembly, f q=p and lp=q are, respectively, the interparticle forces and the
branch links of the p; q grains. c is the set containing all the contacts in the granular assembly.
Computational homogenization techniques typically rely on a scales-separation assumption
[8, 26, 27], thus requiring that the characteristic lengths of the spatial variation of macroscopic fields
are much larger than the characteristic size of the embedded microstructure. This assumption holds
as long as localization does not occur. As soon as a localization band develops, the microstructural
element is no longer statistically representative (strictly speaking, a generalized Microstructural
Element Volume rather than an RVE should be introduced). The interested reader should refer to,
for example, Reference [26] or, more recently, Reference [27].
Figure 2. Computational homogenisation scheme [18]. FEM, Finite element method.
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Table I. The equilibrium criteria and the six levels of equilibrium conditions of DEM computation.
Level of equilibrium 0 1 2 3 4 5
Min number of iterations 10000 10000 10000 10000 10000 10000
Max kinetic energy 1.0E-2 1.0E-5 1.0E-8 1.0E-8 1.0E-8 1.0E-8
Max proportion of sliding contacts 10% 10% 10% 10% 1% 0%
Max proportion of grains with single contact 10% 10% 10% 10% 1% 0%
Max resultant/minimal forces acting on each grain 1.0E-2 1.0E-2 1.0E-2 1.0E-2 1.0E-2 1.0E-6
The used FEM code [28] is a finite strain implementation of the standard finite element
method [29], and the DEM code is an in-house implementation of the standard discrete element
method [9]. The DEM model assumes that all grains interact under linear-elastic normal and tan-
gential stiffness. Coulomb-type friction is introduced into contact system, and energy is dissipated
through a viscous damping mechanism.
2.1. FEM algorithm
The FEM solution is integrated by an adaptive step-by-step strategy in which the solution of a typical
step is obtained by means of Newton–Raphson method [30]. The Newton–Raphson method requires





The CTO is numerically computed for the first quasi-elastic steps using the perturbation
method [19]. When the material behavior becomes strongly nonlinear (at about 0.5% axial strain),
the CTO computation becomes numerically less efficient. Therefore, a different strategy is adopted,
and the tangent operator is considered as the average of the tangent operators of the first 10 steps.
As an auxiliary operator is used, the quadratic convergence, which is supposed to be obtained
with a Newton–Raphson method, is lost, and a larger number of iterations will be required.
Such a modified Newton–Raphson approach, however, proved to be more robust than the full
Newton’s method [18] based on the computations of the CTO. This iterative scheme is associated
with two different convergence criteria based on out-of-balance forces and displacement decrement
(Appendix A).
2.2. DEM algorithm
The displacement gradient increment ıhkl is transferred from the FE macroscale and applied to
the DE microstructure through an explicit step-by-step integration scheme. The application of ıhkl
is conducted with fixed time step ıt that is computed based on the dynamic properties of the
contacted particles. After the application of the strain, the assembly is submitted to a relaxation
phase that ends once the assembly reaches an equilibrium state. The equilibrium of the assem-
bly is estimated through the five criteria that are illustrated in Table I. At the granular level, the
solution of motion equation is obtained by means of a predictor–corrector [31] integration method
of order 3.
3. DEM REVS SIMULATIONS
In the framework of the FEM  DEM modeling approach, the DEM granular assembly is used to
define the constitutive response of the considered material. Preparation procedures of the DEM
assembly, to be used as REV in this process, are of great importance because of their strong effects
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on the mechanical properties of the final assembly [10, 11]. Hereafter, a detailed description of the
followed preparation procedures is presented, and a set of granular assemblies is generated accord-
ingly. A subset of granular assemblies is then selected, and a biaxial test simulation is proposed, in
Section 5.1, to explore their mechanical behavior.
3.1. The DEM model
A standard DEM model [10, 11] has been used in this work. The model assumes that all rigid circular
grains interact when they are in contact. The normal contact force is given as fn D Knı, where
Kn is the normal contact stiffness and ı is overlapping magnitude (ı < 0 when the contact occurs).
The tangential force increment is given as ıft D Kt :ıUt , where Kt is the tangential stiffness and
ıUt is an increment of tangential relative displacement computed at the contact point. The total
tangential force, ft , is the sums over the time step ıt . The Coulomb friction coefficient is used to
limit ft such that jft j 6 fn, where  is the contact angle of friction. The kinetic energy of the
system is dissipated through viscous dampers introduced to each contact system. If mi and mj are
the mass of the two particles in contact, damping coefficient is defined as a proportion of the critical
damping, , which is computed using the relation  D 2 

Kn  mi mjmi Cmj
0:5
.
3.2. DEM REV generation
The assembly is formed of 400 particles, consistently with the guidelines provided by Nguyen
et al. [18, 19] and Guo and Zhao [6, 20]. This choice constitutes a good compromise between
the computational cost and the problem stability. In order to obtain homogeneous assemblies, the
preparation procedures were performed in the absence of gravity, and periodic boundary condi-
tions were retained in the horizontal and vertical directions [10, 11]. In this work, the simulation is
focused on a dense frictional granular material (without cohesion). To obtain a dense assembly, the
inter-particle friction coefficient has been set to zero during the preparation step as the particles can
slide and fill the volume as much as possible. In addition, the grain size range has been taken as
Rmax=Rmin D 2:5.
Discrete element method granular assemblies have been generated following the algorithm pro-
posed in [10] and [11]. Starting from a given particle size range and a given number of particles,
a random generator places the particles on a regular grid of unit length modulus, (Figure 3(a)).
The particles are then submitted to a random velocity field. The particles move and interact as
rigid bodies within a fixed size container. No energy dissipation is introduced during this process.
When particles have been shaken enough (i.e., each particle is displaced cumulatively 100 times its
Figure 3. The three stages of the granular assembly preparation with periodic boundary conditions. (a) The
ordered configuration of the assembly; (b) the granular assembly after shaking; and (c) the final configuration
after the isotropic compaction of the granular assembly.
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Table II. The given values of DEM mechanical parameters.
Parameter Value
Normal stiffness coefficient  D Kn=P 1000
Tangent/normal stiffness coefficients Kt=Kn 1
Coulomb friction 0.5
Viscous damping coefficient 0.95
 is the normal stiffness coefficient normalized by confinement
pressure P. Damping coefficient is a proportion of, , the critical
damping of contact system.
diameter), their velocity is set to zero, (Figure 3(b)). The resultant granular packing, which has a
gas-like configuration, is then subjected to a strain-controlled isotropic compression phase leading
to the desired granular assembly, (Figure 3(c)).
Following these procedures, more than 20 granular assemblies have been generated using the
material mechanical properties presented in Table II. The proposed procedure allows to generate
REVs characterized by major differences in particles positioning but only minor fluctuations in par-
ticle size distribution. The generated REVs can therefore be considered as representative of the same
material. Because the objective of this study is to investigate the consequences of using different
DEM REVs, each of these granular assemblies will be given an identity based on the criteria that
are presented in the following section.
3.3. Granular assembly identity and selection criteria
Radjai and Dubois [10] introduced a number of criteria to determine the identity of a given granu-
lar assembly. They defined a set of internal variables that distinguish one granular assembly from
another. Among these variables, packing fraction (PF) and coordination number (CN) have been
retained hereafter. The PF describes the proportion of solids volume to the overall assembly vol-
ume, whereas the CN represents the average number of inter-particles contacts per particle in the
packing. If Nc is the total number of contacts, and n is the number of particles in contact, then
CN D 2Nc=n.
The generated assemblies exhibit a Gaussian distribution of PF and CN that can be formulated as
PF D 0:8157 ˙ 0:004 and CN D 4:153 ˙ 0:015. The small deviation of PF and CN proves the
efficiency of the proposed procedure in generating granular assemblies representative of the same
material. Such a small deviation, however, excludes the typical correlation with the strength peak,
as the relation between strength peak and these two variables exhibits a random scattering within a
small window of variation. This scattering can significantly be affected by the number of grains; a
smaller number of grains promotes the role of geometry, as any small variation in the fabric would
result in significant changes in the strength peak. Therefore, the introduced randomness in geometry
factors at preparation process will show, in the next section, a clear influence on the strength peak
of the granular assemblies.
As aforementioned, the idea of using different granular assemblies is to represent the random geo-
metrical variations of the microstructure in soil sample, apart from any deviation in the mechanical
properties. Thus, the selection of the granular assemblies has to be conducted independently from
their mechanical properties. Given that the mechanical properties (strength peak) of the assemblies
exhibit a random scattering within a small variation of the internal variables, considering PF and CN
as selection criteria can offer such sort of independent process. The assemblies corresponding to the
mean value ˙ a standard deviation of PF and CN have been selected. The assemblies corresponding
to the mean value of PF plus/minus a standard deviation are denoted by PF-A/PF-B, respectively.
Whereas, the assemblies corresponding to the mean value of CN plus/minus a standard deviation
are denoted CN-A/CN-B, respectively.
Another significant variable has to be considered. In the procedures, compaction process is con-
ducted as the normal strain components are imposed, but not the shear strain component. Instead,
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zero shear strain is imposed (i.e., orthogonal wall driving). Even though, at the end of the prepa-
ration stage, the obtained assemblies always show a slight deviation from isotropy. Equation (4)
shows a comparison between the target stress state (left matrix) and the homogenized internal stress
state using Equation (2) (right matrix) for an arbitrarily chosen packing from the generated assem-
blies. This deviation from isotropy can be attributed to the finite number of grains in the granular
assemblies. Despite its small magnitude, this deviatoric stress component will affect the mechanical
behavior once introduced in the double-scale computations of FEM  DEM scheme, as it introduces
an initial bias to simulation specimen [20]. In the following, this deviatoric stress component will
be termed as remaining shear stress (RS). To investigate the effects of RS on the interplay between
the microstructure and macrostructure, it has been considered as a third selection criterion. The
assemblies corresponding to both the maximum positive and the minimum positive RS have been
selected and denoted by RS-A and RS-B, respectively. In fact, the assembly associated to the mini-
mum RS has already been considered for the CN criterion. Replicating the use of the same assembly
might render some difficulties at reading the plots. Therefore, another one has been chosen, namely,
an assembly with RS magnitude close to zero. Table III shows the chosen assemblies and their











Table III. The selected DEM REVs based on the three criteria, PF, CN, and RS, for
microstructure representation in multiscale simulation.
PF, packing fraction; CN, coordination number; RS, remaining shear stress.
Figure 4. The finite element model and its boundary conditions used at the macroscale level of the multiscale
simulation specimens of aspect ratio 2 discretized using (5  10) 50 Q8 finite elements.
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Table IV. The adopted computational parameters
values based on the performed sensitivity study.
IN LE PM EDjEF
1.0E-4 2 15.0E-6 0.01jNA
IN, inertial number; LE, level of equilibrium; PM,
perturbation magnitude; ED, displacement-based
convergence criterion; EF, force-based convergence
criterion.
4. FEM  DEM MODELING SETUP
The biaxial test is the equivalent for 2D modeling of the so-called triaxial test widely used for the
characterization of granular media behavior [32, 33]. Herein, the idea is to use the FEM  DEM
approach to develop a biaxial test simulation. A detailed description of the FEM  DEM model and
the applied biaxial test procedures are presented hereafter.
4.1. The numerical specimen
The macroscale of the specimen to be modeled is discretized into 5  10 finite elements mesh (aspect
ratio 2). The eight-nodes quadrilateral element with four integration Gauss points (Q8) is retained
in the study. The finite element mesh and its boundary conditions are illustrated in Figure 4. Each
Gauss point in this mesh is associated with a specific DEM assembly. The six DEM assemblies
already presented in Table III will be used for this purpose.
4.2. Numerical experiment setup
The FEM  DEM numerical study is focused on a standard monotonic compressive biaxial test. In
its initial state, the specimen is subjected to an isotropic compression. Thereafter, the horizontal
confinement pressure is held constant and the deviatoric stress is imposed through strain-controlled
vertical compressive loading, for more details see, for example, Desrues and Viggiani [32].
The numerical procedures of both FEM and DEM, presented in Section 2, imply the choice of
a set of computational parameters, which play a major role on the efficiency of the analysis: the
convergence rate at both macroscale and microscale. These parameters are the inertial number (IN)
and the level of equilibrium (LE) conditions for the DEM scheme, the perturbation magnitude, and
the precision level (EF and ED) for the FEM scheme. For more details about these four parameters,
see Appendix A. These parameters were identified via a sensitivity analysis that is presented in
Appendix A and summarized in Table IV.
5. HOMOGENEOUS MULTISCALE SIMULATION
In this part, several FEM  DEM biaxial test simulations are performed using the REVs introduced
in Table III. A unique DEM REV is used in each simulation, thus obtaining an initially homogeneous
specimen having the same mechanical properties over the entire domain. Before conducting the
FEM  DEM simulations, the behavior of the used DEM REVs is investigated by means of pure
DEM simulation of biaxial test. These simulations describe the behavior of the material itself, and
they will be used for comparison with the multiscale FEM  DEM simulations that exhibit, after the
localization of strain field, structural behavior rather than material behavior.
5.1. Material behavior – pure DEM simulations
The behavior of the material used in our numerical experiments is first explored through a pure
DEM simulation. Each DEM assembly is subjected to a biaxial loading path up to 8% axial strain.
Figure 5 shows the global response of the six assemblies plotted as a function of the deviatoric
stress q normalized by the confinement pressure 00 versus the applied axial strain. The deviatoric
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Figure 5. Pure DEM simulations of monotonic compression biaxial test up to 8% axial strain performed on
six different DEM assemblies of identical material properties but different with respect to geometry (different
particles positions and grain size distribution). (a) PF-A and PF-B; (b) CN-A and CN-B; and (c) RS-A
and RS-B.
stress is computed as q D 1  2, where 1 and 2 are the vertical normal stress and the lateral
normal stress, respectively. The obtained results show that all cases exhibit, after a pre-peak smooth
response, global strength loss, which is a characteristic of strain softening behavior. The strong
fluctuations observed in the post-peak part of the curves can be attributed to the relatively small
number of particles (400 particles) that leads to a series of sudden contact rearrangements along the
deforming process. Despite these differences in the strength peak, all assemblies tend to a similar
level of residual strength (plateau around q=00 D 0:9).
Though the six assemblies have the same DEM mechanical parameters (Table II) and differ only
with the random geometric factors (described in Section 3.3), the pure DEM simulations show that
they have different strength peaks; the resultant normalized deviatoric strength peaks vary from
1.3 to 1.8. This divergence in the granular assemblies behavior comes only from their geometry
differences. Subsequently, these observations show that geometry differences have strong effects on
the mechanical properties of the granular assembly.
5.2. FEM  DEM simulation
Each REV is then used for the initially homogeneous FEM  DEM simulations. The numerical spec-
imen is subjected to a biaxial loading path up to 8% axial strain. Figure 6 shows the global response
of the six FEM  DEM specimens compared with the pure DEM simulations. In this figure, all the
cases show that each FEM  DEM specimen has the same mechanical response as the associated
DEM REV up to the strength peak. In contrast, the post-peak response of FEM  DEM specimens
show a clear divergence from the DEM simulation. Indeed, beyond the peak, strain localisation starts
to develop, which explains the divergence from material behavior. Moreover, while the response of
the DEM assembly strongly fluctuates, the FEM  DEM specimen exhibits a smoother response.
This can be attributed to the averaging effect of the integration by the FEM numerical process
of the inherently noisy responses of the different REVs involved in the structure, especially those
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Figure 6. A comparison between the global responses of the homogeneous FEM  DEM simulations with
the pure DEM simulations of the corresponding DEM REV in biaxial test simulations up to 8% axial strain.
Figure 7. Global responses of six homogeneous specimens in a biaxial test up to 8% axial strain simula-
tions. The used DEM REVs, for microscale, are identical with respect to material properties but different
concerning the geometry.
associated to the Gauss points that lie in the shear band zone. At the end of the test, the FEM  DEM
specimen and the DEM assembly tend to a similar residual strength plateau.
Figure 7 compares the six FEM  DEM simulations. It can be observed that even with different
strength peaks, all the FEM  DEM simulations tend to a similar residual strength level (around
q=0 D 0:9). This result is consistent with what is classically observed in DEM modeling: for large
strain, the mechanical behavior of granular material is mainly ruled by the particle shapes and the
inter-granular angle of friction [34].
6. INHOMOGENEOUS MULTISCALE MODELING
So far, a single DEM assembly has been used in each FEM  DEM simulation. The use of a unique
DEM REV over the entire mesh implies a uniform representation of the microstructure and leads to
an initially homogeneous specimen. However, the experimental evidence shows that a geomaterial
sample presents a variety of microscopic structures (Figure 1). The differences of the microstructure
in heterogeneous geomaterials result in a variability of the local mechanical properties, which might
play a major role in the resulting global behavior and the formation of the shear band. This part of
the work is devoted to this particular issue, which is the motivation of the whole study.
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6.1. Inhomogeneous simulations setup
The FEM  DEM approach naturally offers the possibility of taking into account the heteroge-
neous nature of geomaterials. The variation of the local mechanical properties, originating from the
microstructure, is then introduced into an FEM  DEM simulation by using several DEM assem-
blies, representative of the same material but with geometrical differences (Table III). This approach
allows to enhance the original model by embedding heterogeneities, while the average material
properties are the same. To simplify this investigation, the heterogeneity has been introduced in
the following FEM  DEM simulations by using two different DEM REVs. The way the two DEM
REVs interplay with the macroscale continuum is investigated hereafter.
Based on the selection criteria introduced in Section 3.3, the set of the six DEM REVs was split
into three groups: PF group (PF-A and PF-B), CN group (CN-A and CN-B), and RS group (RS-A
and RS-B). Each group is referred as PFG, CNG, and RSG, respectively. In Table V, the granular
assemblies in each group were distinguished into strong and weak REVs according to their strength
peak (Section 5.1). The granular assembly with the higher strength peak is referred as strong REV
(i.e., PF-A, CN-B, and RS-B), whereas the assembly with the lower strength peak is referred as
weak REV (i.e., PF-B, CN-A, and RS-A) (Figure 5).
Each pair of these REVs is then used in different FEM  DEM simulation. The in-plane distribu-
tion of the two DEM REVs is performed following two different patterns: a checkerboard pattern
and a random distribution pattern (Figure 8). Consequently, the six inhomogeneous specimens have
been used to run a set of biaxial test simulations up to 8% axial strain. Each FEM  DEM simulation
will be identified by the name of the associated REVs group, namely, PFG, CNG, and RSG.
6.2. Results and discussion
Figure 9 shows the results obtained from PFG simulations with the checkerboard pattern (C-PFG)
and the random distribution pattern (R-PFG). Figure 9(a) shows the global response of these inho-
mogeneous specimens. The global response of the corresponding homogeneous specimens, PF-A
and PF-B, are presented in the same figure. This comparison shows that the inhomogeneous speci-
mens yield to identical pre-peak responses. In both cases, the strength peak of the inhomogeneous
specimen has been determined by the strength capacity of the weak REV (PF-B). Furthermore, the
inhomogeneous specimens show a clear divergence in the strain softening behavior; however, they
tend to a similar residual strength. Figure 9(b) and (c) displays the cumulative deviatoric strain field
Table V. The six DEM assemblies split into three different subsets. The dark gray
and the light gray refer to the strong and the weak REVs, respectively.
Figure 8. The checkerboard pattern and the random distribution pattern of the inhomogeneous specimens.
The dark gray refers to the elements that were associated with the strong REV, whereas the light gray refers
to the elements that were associated with the weak REV.
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Figure 9. (a) The global response of the inhomogeneous specimens in which PF-A and PF-B have been
attached in the dark gray and light gray elements, respectively, following the checkerboard pattern (blue) and
the random distribution pattern (red). The global response of the homogeneous specimens corresponding to
the used DEM REVs are presented as well. (b) and (c) The cumulative deviatoric strain field corresponding
to the specimen of checkerboard pattern and random distribution pattern inhomogeneity, respectively, at the
end of the test.
Figure 10. (a) The global response of the inhomogeneous specimen in which CN-A and CN-B have been
attached in the dark gray and light gray elements, respectively, following the checkerboard pattern (blue) and
the random distribution pattern (red). The global response of the homogeneous specimens corresponding to
the used DEM REVs are presented as well. (b) and (c) The cumulative deviatoric strain field corresponding
to the specimen of checkerboard pattern and random distribution pattern inhomogeneity, respectively, at the
end of the test.
Figure 11. (a) The global response of the inhomogeneous specimen in which RS-A and RS-B have been
attached in the dark gray and light gray elements, respectively, following the checkerboard pattern (blue) and
the random distribution pattern (red). The global response of the homogeneous specimens corresponding to
the used DEM REVs are presented as well. (b) and (c) The cumulative deviatoric strain field corresponding
to the specimen of checkerboard pattern and random distribution pattern inhomogeneity, respectively, at the
end of the test.
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at 8% axial strain (the end of the simulation) of the specimens with the checkerboard pattern and
the random distribution pattern, respectively. In Figure 9(b), it should be noted that the shear band,
although it may seem to reach the left boundary of the specimen at the upper-left corner, is in fact
essentially aligned with the line of light gray elements below this corner. As a result, both cases
demonstrate that the strain field has localized in the elements that were associated with the weak
REV (PF-B).
The results obtained from the CNG simulations with the checkerboard pattern (C-CNG) and
the random distribution pattern (R-CNG) are presented in Figure 10. These results confirm the
aforementioned observations regarding the identical pre-peak response and the dominant role of
the weak REV (CN-A) at defining the strength peak of the inhomogeneous specimen. The great
dispersion of the mechanical behavior of the REVs, used in this set of experiments (Figure 5),
provides more pronounced evidence of such role. Also, they corroborate the role of the weak REV
at the definition of the shear band pattern.
Figure 11 shows the results of the third set of experiments in which the RSG assemblies were
retained. The global response of the inhomogeneous specimens compared with the corresponding
homogeneous simulations are presented in Figure 11(a). This comparison confirms the observa-
tions made earlier concerning the capability of the weak REV (RS-A) at defining the strength peak
of the inhomogeneous specimen. Also, it confirms that, after a divergent strain softening behavior,
the inhomogeneous specimen shows a similar residual strength level. Figure 11(b) and (c) dis-
plays the cumulative deviatoric strain field at 8% axial strain of the inhomogeneous specimens of
checkerboard pattern and random distribution pattern, respectively. Both cases have demonstrated
similar observations regarding the shear band pattern that is determined by an alignment of elements
attached with the weak REV. Moreover, another feature of the shear band pattern has been obtained
in the simulation with checkerboard inhomogeneity: the strain field has localized in two different
shear bands reflecting the periodicity of inhomogeneity.
The homogeneous simulations of both CNG and RSG have shown clear differences in the strain
softening behavior; while the homogeneous CN-B and RS-B simulations exhibit brittle behav-
ior, the CN-A and RS-A simulations are rather ductile. However, the results obtained from the
CNG and RSG simulations set reveal that the inhomogeneous models tend to exhibit a more
ductile behavior. This matter can be attributed to the role of the weak REV, which is of more
ductile behavior, at triggering strain localization and then defining the shear band pattern in the
inhomogeneous simulation.
As a conclusion, the use of two different DEM REVs for the microstructure representation helps
the specimen to define its shear band pattern that develops at an alignment of elements associated
with the weak REV. Moreover, the weak REV triggers strain localization and consequently plays a
major role in the definition of the specimen strength peak.
7. MATERIAL IMPERFECTION SIMULATION
The capability of using several REVs to capture the intrinsic heterogeneity of geomaterials have
been explored in the previous section. In what follows, a material imperfection, represented by the
weak REV, is introduced into homogenous simulation.
Experimental evidence show that introducing material imperfection into soil specimen facilitates
triggering strain localization and then this imperfection becomes a crucial path of the consequent
shear band [32]. The efficiency of simulating this experiment will be investigated using the weak
REV to introduce material imperfection into homogeneous specimen. The granular assemblies set,
CNG, has been chosen considering that CN-A and CN-B have shown the greatest dispersion in the
mechanical properties (strength peak) (Figure 5(b)). The imperfection is introduced into the speci-
men by changing the DEM REV in a single element. The remaining 49 elements are associated with
the CN-B. Figure 12(b) depicts the distribution of the DEM REVs over the FE mesh. Hereafter, this
specimen is referred as IMP. As in the previous cases, the behavior of the IMP has been investigated
through a biaxial test simulation up to 8% axial strain. Figure 12(a) shows the global response of
the IMP specimen; the global responses of the corresponding homogeneous specimens, CN-A and
CN-B, have been presented in the same figure as well.
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Figure 12. A comparison between homogeneous specimen and a specimen that have been introduced
material imperfection by attaching an REV of weaker strength peak at a single element: (a) compares the
global responses of the imperfect specimen (IMP) and the corresponding homogeneous specimens of the
weak and the strong REVs and (b) shows the position of the element, which is associated with the weak
REV (light gray). The cumulative deviatoric strain field corresponds to (c) 0.35% and (d) 8.0% axial strain.
Table VI. The relative time cost of the homoge-
neous CN-B simulation and IMP simulation.
Specimen Time cost [%]
Homogeneous CN-B specimen 100
IMP specimen 68
Comparing the IMP response with the homogeneous simulations shows that, after an identical
pre-peak behavior, the IMP yield to a smoother response at and beyond the peak. The weak REV has
not affected the strength capacity of IMP specimen, as the slight reduction in the strength peak can
be neglected comparing with the corresponding inhomogeneous simulations in the previous section.
Figure 12(c) and (d) displays the cumulative deviatoric strain field corresponding to 0.35% and
8% axial strain, respectively. As anticipated, it can be observed that the element associated with the
weak REV (CN-A) has triggered strain localization at 0.35% axial strain. Moreover, the consequent
shear band passes through the imperfect element as can be seen in Figure 12(d).
It is worthy to mention that the introduction of material imperfection into simulation specimen
has a positive effect on the computation time. Table VI displays the time cost associated to both
the IMP and the homogeneous CN-B simulations. The introduction of material imperfection has
reduced time cost about 35%. This matter can be attributed to the capability of the imperfect element
to trigger strain localization and to define the shear band locus along the deformation process. This
issue has been extensively studied in [35]. These observations give a first hint to the capability of
using different DEM REVs with the aforementioned specifications to improve the stability of the
FEM  DEM simulations.
8. CONCLUSION
The consequences of using several DEM REVs for the microscale simulation in the framework of
multiscale FEM  DEM modeling approach have been investigated in this work. The DEM assem-
blies were generated having the same material properties but with geometrical alterations. These
geometrical alterations have a strong effect on the mechanical behavior of the granular assembly as
shown by the pure DEM simulations. The performed homogeneous FEM  DEM simulations have
shown a similar effect of geometry alteration, but with a much smoother response.
The performed inhomogeneous FEM  DEM simulations reveal a clear evidence of the capability
of the weak DEM REV to trigger strain localization and to help the specimen at defining its shear
band pattern.
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Using a weak DEM REV to introduce local imperfection into homogeneous FEM  DEM spec-
imen has shown a satisfactory effectiveness in terms of triggering strain localization; indeed, the
consequent shear band pattern passes through the imperfect element. The obtained results have given
a first hint to the ability of this technique to improve the stability of the problem and then to reduce
time cost.
In future work, it is worth to investigate the consequences of using a larger number of DEM
REVs in the FEM  DEM simulations. A FE mesh of 50 elements has been used for the macroscale
level, and it is of significant importance to reevaluate the findings of this work with a finer FE mesh.
Also, it is recommended to repeat this study, adopting a regularization technique such as the second-
gradient theory, in order to mitigate the well-known effect of mesh dependency; this issue was out
of the scope of this study.
APPENDIX A: SENSITIVITY ANALYSIS
In this part, a sensitivity analysis is proposed to define a set of four parameters among others used in
the numerical FEMxDEM analysis. The four parameters are the inertial number (IN) and the level
of equilibrium (LE) conditions that are relevant to DEM scheme and the perturbation magnitude
(PM) and the precision level (EF and ED) that are relevant to FEM scheme. These four parameters
were selected assuming that they have an influential role on the simulation results and time cost.
The numerical experiments were carried out on two different FEM  DEM simulations: the first was
homogeneously made of CN-A as an REV and the second was the RS-A.
A.1. DEM parameters: the inertial number and the level of equilibrium conditions
The IN is a physical parameter related to DE simulations that describes the strain-rate applied
on the granular assembly. As proposed in [10, 11], the quasi-static conditions are satisfied if the
IN6 1.0E-3. Reducing the IN magnitude improves the quasi-static conditions; however, this reduc-
tion significantly increases time cost. Therefore, two different values of the IN have been examined:
IN D 1.0E-3 and 1.0E-4. The LE parameter is the second DEM parameter that affects the quality
of the solution. The requirement of a higher LE conditions improves both the stability of the prob-
lem and the quality of the solution; however, this leads to a significant increase in the computational
time. The LE parameter was examined through two different levels, LE D 2 and 4 considering
the six levels of equilibrium conditions implemented in DEM code (Table I). The values of these
two parameters have been combined in four different combinations that are used in a set of biaxial
test simulations up to 2% axial strain. Table A.1 shows the four combinations and the associated
time cost.
Figure A.1(a) and (b) shows the global response of the two specimens corresponding to each
combination. Simulation number 1 combines the parameters with the stronger values (i.e., these
leading to higher quality of DEM modeling). Therefore, this simulation has been considered as a
Table A.1. The different combinations of parameters defined for the
inertial number and the level of equilibrium conditions sensitivity study
and the corresponding relative time cost, for 2% axial strain.










4 2 62 52
IN, inertial number; LE, level of equilibrium; PM, perturbation magnitude;
ED, displacement-based convergence criterion; EF, force-based conver-
gence criterion.
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Figure A.1. A comparison of the global responses of the two specimens (a) CN-A and (b) RS-A
corresponding to four different combinations of the IN and the LE conditions, for 2% axial strain.
reference case. All cases have shown quite comparable pre-peak responses. However, simulations
numbers 3 and 4 show a softer response in the post-peak domain. These two simulations share
the same value of the IN, IN D 1.0E-3, which refers to an important effect of this parameter on
the mechanical behavior of the FEM  DEM specimen, specifically in the post-peak domain. In
contrast, simulation number 2 has demonstrated a good agreement in the behavior and a reduction
in time cost about 10% comparing to reference case. Therefore, the values of the IN and the LE in
combination number 2 have been adopted hereafter.
A.2. FEM parameters: the perturbation magnitude and the precision level
A.2.1. Perturbation magnitude. The derivation of the CTO relies on the computation of the REV
response on perturbed paths close to the actual incremental strain paths. The effects of the
perturbation magnitude on analysis results will be explored hereafter.
Loading is applied on the specimen as a vertical displacement of the top horizontal bound-
ary nodes. At the macro scale level (FEM), loading process is driven using an adaptive scheme,
which means that the displacement increment applied at each loading step (hereafter called ‘step
size’) might change during the computation. Therefore, a lower bound has to be specified for the
step size in order to avoid unlimited step size reduction in case of non convergence. This bound
was given the value 5.0E-5, which is equivalent to 2.5E-5 vertical strain. The determination of the
strain perturbation magnitude has to consider that the PM in the numerical derivation of the CTO
has to be defined as a fraction of the local strain rate increment, which depends on the adaptive
step size. Consequently, the lower bond of step size has been considered as a reference value, and
three values of PM have been examined: 5.0E-6, 10.0E-6, and 15.0E-6, which are fractions of the
lower bound. These values were used in the three combinations shown in Table A.2, in a set of
biaxial test simulations up to 0.4% axial strain (found to require 15 steps) using both specimens
CN-A and RS-A.
Figure A.2(a) and (b) displays the global responses of CN-A and RS-A specimens, respectively.
The three cases have led to comparable results with negligible changes in time cost. Such negligible
Table A.2. The three combinations defined for perturbation
magnitude sensitivity study.
No. IN LE PM ED EF
5 5.0E-6
6 1.0E-4 2 10.0E-6 0.01 0.01
7 15.0E-6
IN, inertial number; LE, level of equilibrium; PM, perturbation
magnitude; ED, displacement-based convergence criterion;
EF, force-based convergence criterion.
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Figure A.2. A comparison of the global responses of the two specimens (a) CN-A and (b) RS-A
corresponding to three different PM: 5.0E-6, 10.0E-6, and 15.0E-6, for 0.4% axial strain.
Table A.3. The different combinations of technical parameters defined
for precision level .EF and ED/ sensitivity study and the corresponding
relative time cost, for 8% axial strain.
Time cost [%]No. IN LE PM ED EF
CN-A RS-A
7 0.01 0.02 100 100
1.0E-4 2 15.0E-68 0.01 NA 25 19
IN, inertial number; LE, level of equilibrium; PM, perturbation magnitude;
ED, displacement-based convergence criterion; EF, force-based convergence
criterion.
changes in time cost can be attributed to the fact that perturbation method is applied in the first
steps when material behavior is quasi-elastic. Consequently, this parameter has a negligible influ-
ence on the solution and thus a PM equal to 15.0E-6 has been arbitrarily chosen to be used in
this work.
A.2.2. The precision level. The quality of the solution at the FEM scale is controlled by the preci-
sion parameters (convergence criteria) of the integration scheme. The required quality of the solution
is specified by two parameters: a force-based parameter, EF , representing the ratio of the applied
and the reaction forces norm, together with a displacement-based parameter, ED , accounting for the
decrement of the displacement field norm with the evolution of the iterative process [28].
Guo and Zhao [20] reported the use of displacement-based criterion solely as a convergence
indicator with ED 6 0:01 for a similar multiscale FEM  DEM simulation. This assumption was
based on a common consideration in the commercial FEM software such as GEO5, ANSYS, and
ABAQUS. In this study, two different precision combinations were defined: EDjEF D 0:01j0:02 and
0.01jNA (i.e., double convergence criteria with ED D 0:01 and EF D 0:02, and single convergence
criterion with ED D 0:01 disregarding the EF criterion). In the sequel, the former is referred as
higher precision combination (HPC) and the latter lower precision combination (LPC). These two
combinations were used in several biaxial test simulations up to 8% axial strain on both CN-A and
RS-A specimens. Table A.3 depicts the performed simulations and the associated time cost.
Figure A.3 shows the global responses of both simulations, CN-A and RS-A, with HPC and
LPC. Generally speaking, no important change can be observed in the global responses of the spec-
imens when the force-based criterion is considered together with the displacement-based criterion.
However, neglecting the force-based criterion induces a significant reduction, about 75–80%, in
time cost.
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Figure A.3. A comparison of the global responses of two specimens (a) CN-A and (b) RS-A at two different
precision combinations: EDjEF D 0:01jNA and 0.01j0.02, for 8% axial strain; ED, displacement-based
convergence criterion; EF, force-based convergence criterion.
Table A.4. The adopted computational parameters
values based on the performed sensitivity study.
IN LE PM EDjEF
1.0E-4 2 15.0E-6 0.01jNA
IN, inertial number; LE, level of equilibrium; PM,
perturbation magnitude; ED, displacement-based
convergence criterion; EF, force-based convergence
criterion.
As a result of this sensitivity analysis, the four parameters that are used in the current work are
defined and summarized in Table A.4.
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